
 GenualisationsofCheralleyRistctionthoun

Fix a reductive lie algebra of over E of
char o

Fix Cartan h exp of G Weyl group w

Starting with closed embedding
h of

we can construct a map
a log a Ch

which is surjective

Restricting this map to invariant polynomials
a g

G A Ch NGCh

a MW

chivvying ja ah is an

isomorphism
OR

There is an isomorphism of schemes
hw ofAG

Example of ofn h Diagonal W Sn



A points of h I w w orbits in h
unordered n tuples of complex
numbers

G points of of G closed G orbits in of
Parametrised by theJordanwound
form s t the size of each block
is 1

d I
ai ditall ill

d

If t so we get d in the orbit closure

Orbits of diagonal matrices are closed because
of Cayley Hamilton thrown and the fact that the
min poly has no repeatedroots

Proofsof CRT of ofn
I Prove that f is injective and surjective

Infectivity Suppose f E Eloy
G
s.tt jo

f 6 h o



But G h is dense in og

f o

Surjectivity
h W is generated as an algebra by the

elementary functions
Pa d dak t t dak

But this is exactly the image of the poly
Tr Ak

hy w of G is a closed embedding
It is a bijection on a valued points

of116 is reduced

Hence it's an isomorphism

II construct an inverse map
h W a Coy

G

To be donelate
Quantization

Ug Uh universal enveloping algebra
It has a PBW filtration

Taking associated graded w n t this filtration



ge Ug Symg ge Wh Symh

CRT Symg
G e Sym h

W

11

ge Ug ge Un
W

ge ugh ge new
11

ga Zog gelSymhw

Theorem Harishchandra There exists an

isomorphism Zog Gym h W

I'm being slightly hand wavy about the hoisting
Generalisations What if we consider everything in
pairs

h x h of X of
So we get a map

42 G lg x of a Ch x h
Is this an isomorphism

Example of gl n
h x h of x of

us h x h Dw g x g HG
A points in LHS W orbits in hx h



n underorded pairsof
complex numbers

fronts in RHS WILD

Image only consists of pairs of commuting matin

Cz og subscheme of ofx of defined by the ideal
generated by the matrix entries of x y

yetknown to
Not a reduced scheme
Let Cloy

nd
by the underlying reduced scheme

Consider h x h Xw c along
Claim This is a bijection on Q points

Commuting matrices are simultaneously
diagonisable

Theorem G Cloy
nd G e h x h w

is an isomorphism

So we have

a Chx h WI Q Cz g
nd JG Clancy

R



Theory R is an isomorphism when
a of oft Donohoe Vaccarino Gan Ginzburg
b of span Chan Chen Losen

GG Ca get G is reduced

L cypanllGinduced
Construction of the spectral data map
Take of gln
We want to construct

hd Q Cato R

Consider the polynomials in R Xij n
I E i j s n I Eked

Consider the polynomial algebra Elt td
and the associative algebra gen R

0 Q ti td gin R
ti tand A Add

A Xij k

of alt td R

f dit Oct



This is a polynomial map of degree n

We want to construct
a hd W R
11

a ti ti ta

Thorne Roby Let M and N be A algebras and

of M N

be a multiplicative polynomial map of degree n
Then F a lift of Min Sn N

s t If mom m of m

Proof d E a MI O N

E Sym Mt XO N
E Hom sym Mt N
E Hom Sym m N

Hom Min Sn N

Glu E SymI

Hence we get a map
of a hd W

R



Examfle Take d 1

d a Ct a of
G

flt to dit f A

m f a h a Coy
G

alt n Sn

By construction
txt t dit A

t N Ct 61 dit A XI

off of X on the left Sym txt txt 1

c pi
Tim

C D en i

Coff of t on the right ith coff of characterise
poly

The map f is called the spectral data map

Theory Donoho Vaccarino F is the inverse of



the Chevalley restriction map

The above construction of the spectral data map
is highly specific to of glue What about other

of

Construction of the spectral data map for spin
let V be a symplectic vector space of dim 2n

Then gl v sp v g v
w

X t sp v e w v x w w xu w

x E
g

v w v X w w xv w

We want to construct
hd W a Ca g

G
R

f a ti t d glia R
t told 1 A Add

4 G ti t d even R

f pf t Ifl

By Roby F alt talent s
R

11



Q ti tag
n Sax612th

Key step Show that the Pfaffian is multiplicative
Theorem Chan Chin

G hd W E Cd g
s

guantisation Take
A natural quantisation of Eth x h is DCh

Q ofxof Dlg

We can try to construct
D g

G Deng W

twisting

HC D g
G DCL

W

Theorem Lavoussun Stafford
D G D h w

where the ideal I adof D oyl

Easy calculation ge I E G l ofx g

exactly the radical ideal defining the
commutingscheme



C Cg
M JG a axe w

Symmetriefais

Let of be reductive and t of of be an

involution
Then of

k p
s t Ck k E k

Ck pl e p
p p Ek

of k is called a symmetric pair

Examples
1 Diagonal pairs

og K of x of of

2 Bilinear forms
og K glan Soan glan span

3 Polarisation

og Kl spun glut soon gln

4 Direct sum

g k glam flax glia etc



Let K Lie k p Lie P

Then K A p
There exists h e p

maximal subspace of pairwise
commuting semicinfle clements

All such choice of h are conjugate
under K

Define W Nk h Ck h

Little Weylgroup of the pair of K

Given h p we can construct

p a Ch

Theorem The map Q p Q h W is an

isomorphism

Theorem Pattanayak Nadimpalli
Ca p

k Is a hd W
is

an isomorphism for all the classical pairs
above except son x son son and

sozn.gl

Another direction of generalisation



Luna Richardsonthioun

Let G reductive act on an affine normal
irreducible variety X Let a EX 116 be a finite
point and let x e ti a T X Xk

s t orbit of x is closed

Define W NG Gx Gx where Gx is the
centralism of x

Then

Theory
eye 4 6 3

Principal point a e XYG is called principal

if there is a neighbourhood a E V E XHG
S t for all b E U the closed orbit points
above a and baconingale centralise


