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1. IMO 2025 Problem 2

Let 2 and I be circles with centres M and N, respectively, such that the radius of {2 is less than the
radius of I'. Suppose circles €2 and I' intersect at two distinct points A and B. Line M N intersects
Q at C and I at D, such that points C, M, N and D lie on the line in that order. Let P be the
circumcentre of triangle AC'D. Line AP intersects 2 again at F # A. Line AP intersects I' again
at F' # A. Let H be the orthocentre of triangle PM N. Prove that the line through H parallel to
AP is tangent to the circumcircle of triangle BEF.

Solution: Suppose AB =z,CD =y, ZACD = C and ZADC = D. Since AB 1 CD, it is clear
that we have the following relation between these quantities:

x zsin(C + D)
~ 2 2sinCsinD
We start by computing the circumradius R of the ABEF. To this end, we note that ZAEB =
180° — 2C, which implies that ZBEF = 2C'. Similarly, we have Z/BFE = 2D. Next, as P is the
circumcenter of ACAD, we have ZAPD = 2C'. So, ZPAD = 90° — C. This implies that:

Yy (cot C' +cot D) =

/BAE = /BAD — /EAD = (90° — D) — (90° — C) = C — D.

In AABE, by the sine rule, we have:

B sin(/BAE)  sin(C—-D)  sin(C— D)
BE = AB G AER) ~ “sm(is0° —20) ~ ¥ sm2C




Then, the circumradius R of ABEF is given by:
BE sin(C — D)

r= 2sin(/BFE) ¥ 9sin2Dsin2C"
Next, we compute the distance of the line EF' from the center of the circle BEF. Again by the
sine rule, we have EF = 2Rsin(ZEBF') = 2Rsin(180° — 2C' — 2D) = 2Rsin(2C + 2D). Hence, the
distance of EF from the center is given by:

\/B? — R?sin?(2C + 2D) = R| cos(2C + 2D)|.

Then, the distance of a tangent line to the circle BEF that is parallel to EF from the line E'F is
given by:
R+ R|cos(2C + 2D)| = 2R cos*(C + D) or 2Rsin?(C + D).
In order to show that the parallel to E'F' that passes through H is parallel to the circle BEF, it
suffices to compute the distance of this parallel line from FF and to verify that it is equal to one of
the 2 quantities above. The distance of this parallel line from EF is equal to HP sin(ZHPF). So,

to prove the required claim, it suffices to prove the equality:
HPsin(/HPF) = 2Rcos?(C + D).

Note that ZHPF = ZBAE = C — D since AB || PG, since both are perpendicular to CD.

Next, note that ZPCD = ZPCA—C = 90° — D — C. Also, PG bisects CD and so CG = §
Therefore, PG = CG tan(£/PCD) = 4 cot(C + D).

Also, by the sine rule for AABC, we have that the radius CM of the circle ABC is equal to:

— AB _ T
OM = 2sin(ZACB) ~ 2sin2C"

Hence,

MG=CG—-CM

_y__z
2 2sin2C
xsin(C + D) x

" 4sinCsinD  2sin2C
7§(sin(C+D)cosC’fsinD)

4 sin C' cos C'sin D
B E(COS(C + D) sinC)
" 4\ sinCcosCsin D
x (COS(C + D))
" 4\ cosCsinD/’
Similarly, we have NG = %(%).
Hence,
PG %4cot(C+ D)
tan(£LPMG) = ek g(cos(C+D)) = cot C.
4 \cosC'sin D

Furthermore, /ZNHG = 180° — ZPHG = 180° — (180° — LPMG@G) = ZPMG. Therefore, HG =
NGcot(/NHG) = %(M). Hence, we have:

cos D cos C
HP =PG - HG

xzcos(C+ D) xcos(C+ D)
" 4sinDsinC 4cos DcosC
xcos?(C + D)
4sin C'sin D cos C' cos D
xcos?(C + D)
" sin2Csin2D

Thus, HPsin(£LHPF) = % sin(C — D) = 2R cos?(C + D), completing the proof.




2. IMO 2024 Problem 4

Let ABC be a triangle with AB < AC < BC. Let the incentre and incircle of triangle ABC be I
and w, respectively. Let X be the point on line BC different from C such that the line through X
parallel to AC is tangent to w. Similarly, let Y be the point on line BC' different from B such that
the line through Y parallel to AB is tangent to w. Let AI intersect the circumcircle of triangle
ABC again at P # A. Let K and L be the midpoints of AC and AB, respectively. Prove that
/KIL+ /Y PX =180°.

Solution: Let I = (0,0) and the radius of the circle w; = 1. Let B = (1,b) and C = (1, ¢) for
some b > 0 and ¢ < 0. In order to show that ZKIL + /Y PX = 180°, it suffices to show that
tan(ZKIL) = — tan(LY PX).

Let the slope of the line AB be m. Then the equation of AB is:

y—2>b
o1
As AB is tangent to wq, its distance from I should be 1. Thus,
|m — b] 1 — m:b2—1
Vit %
Hence, the equation of AB is:
y—>b b -1




Similarly, the equation of AC is:
y—c -1

r—1 2
The intersection of these lines gives the coordinates of point A:

_(1—bc b+c>
S \14+bc"1+0be/’
Then, we compute:

K_A+C’_( 1 b62+26—|—b>
2 \1+4be” 2(1+be) /)’
L_A-i—B_( 1 bcc+2b+0)
2 \1+be’ 2(1+be)
Hence,
2
Slope ofIK:%,
2
Slope of IL = %
Therefore,

bc2+2c+b o b2c+2b+e
2

tan(ZKIL) = 1+ (b022+20+b) (b2c+2b+c)
2 2

B 2(c—b)(be+1)
4+ (b2 +2c+b)(b2c+2b+¢)
Next, we compute the coordinates of P. As Al bisects ZBAC, we have that PB = PC. Thus,

P =(r bgc) for some r. Also, since A, I and P are colinear, we have:

1—bc 2r
Sl f AI = Sl f Pl = = .
ope o ope o b+c b+c
This gives that r = 152¢ implying that P = (152, 22<).

Finally, we find coordinates of X and Y. The slope of the line through X tangent to w is the
CZ—
2c
-1
— r=a«
4 2c

for some «. For this to be tangent to wi, its distance from I should be 1. Therefore,

same as the slope of AC, which is equal to L Hence, the equation of the tangent line is

2
1
o ] — a=t Y

14 (1) 2e

Thus, the equation of the tangent to w through the point X is:

-1 2+1
— T=— .
Y 2c 2c
(We choose the negative sign, since the positive sign corresponds to the line AC.) Intersecting this

tangent line with the line BC, which is given by = = 1, we get that X = (1, —1). Similarly, we get

that Y = (1,—3).

So, we can compute:

btce 1 b 2 2
Slope of PX = —2 te | berc

—be ?
| c(1 + be)

et be+b?+2

Slope of PY = 2 = .
Lohe g b(1 + be)




Hence,

_ betb242 + betc?42
b(1+4bc) c(14bc)

L+ (5355 (355

—be(b+ ¢)(1 4 be) — 2¢(1 + be) + be(b + ¢)(1 + be) + 2b(1 + be)
- be(1 + be)2 + (be + b2 + 2)(be + ¢2 + 2)
2(b—c¢)(14be)
" be(1+60)% + (be+ 0% +2)(be+ 2 + 2)
Therefore, from our expressions for tan(ZKIL) and tan(£Y PX), it follows that the equality
tan(ZKIL) = — tan(LY PX) is equivalent to the following algebraic identity:

tan(LYPX) =

4+ (be® 4+ 2¢ 4+ b)(*c + 2b + ¢) = be(1 + be)? + (be + b2 + 2)(be + 2 + 2),

which is easily verified.



3. IMO 2023 Problem 2

Let ABC be an acute-angled triangle with AB < AC. Let €2 be the circumcircle of ABC. Let S
be the midpoint of the arc C'B of Q) containing A. The perpendicular from A to BC' meets BS at
D and meets ) again at E # A. The line through D parallel to BC' meets line BE at L. Denote
the circumcircle of triangle BDL by w. Let w meet ) again at P # B. Prove that the line tangent
to w at P meets line BS on the internal angle bisector of ZBAC.

Solution: We have ZSBC = £Z5CB = 90° — %. Also, Z/CBE = ZCAE = 90° — C. Thus,

ZLBD = 180° — LSBE = 180° — (4SBC + ZCBE) = 90° + %.
Let ZPBS =t. In w, sine rule gives:

PD LD
sint  sin(ZLBD)
B LD
 sin(90° + €58
LD
B cos(£5¢)’

Next, we have (LPAD + ZDAC) + ZPBC = 180°. Thus,

ZPAD =180° — ZPBC — ZDAC

B
=180° — (t + +o

) —(90° = C)



C-B
5
Similarly, we have (/DPA+ ZDPB) + ZACB = 180°, Thus,

—90° —t +

/DPA=180° — /DPB — /ACB
=180° — /DLB — C
= 180° — (90° — ZLED) — C
=180° — (90° — C) — C
= 90°.

Hence, we have that PD = ADsin(Z/PAD) = ADsin(90° —t+ <52) = AD cos(52 —t). Inserting
this into the above sine rule equation, we get:

ADcos(958 —t) LD
sint a cos(%)

C-B . /C—-B LD
= AD cos (T) cott—&—ADsm( ) = COS(B;C)
— cott LD +t (B_C)
cott=—"———— +tan | — ).

AD cos?(£5<) 2

(1) First, suppose PX is tangent to the circle w. Then, ZDPX = ZDBP =t. So, by the sine
rule in APDX we get:

DX = PX
sint  sin PDX
_ PX
" sin PLB’

Now, /PLB = /PLD + /BLD = /PBD + ZBLD = 90° +t — C. Hence,

% = sm(90:i1—|1—tt —0) = cosizifn—t ) = cottcosC +sinC.
Computing the power of the point X with respect to w, we get PX2 = BX - DX. Hence,
BX BX PX PX
DX PX DX (ﬁ
(2) Now, suppose AX bisects ZBAC. Then, ZAXB =180° — ZXAB — /XBA =180° — % —
(B — ££€) =90° + C. Also, ZDAX = ZDAC — £XAC =90° — C — 4. So, applying the

sine rule in AADX, we get:

2
) = (cot tcos C + sin C')2.

DX  AD
sin(/DAX)  sin(ZAXD)
sin(90° — C' — 4) cos(C + 42)
DX = AD 2. —AD———27,
- sin(90° + C) cos C
Next, applying the sine rule in ABAX, we get:
BX  BA
sin(/BAX)  sin(ZAXB)
. BX—AB sin(4) _ esin(%)

sin(90° + C) cosC
where we suppose AB = ¢. Combining the two expressions above, we get that:

BX csin(%)

DX ADcos(C+ %)
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We have obtained expressions for £ X X in both of the above cases. Thus, to prove the required claim,
it suffices to prove the equality:

csin(4)
AD cos(C + )
To that end, we first compute AD. Note that ZADB = 180° — ZABD — /BAD = 180° — (B —
BECY — (90° — B) = 180° — 4. Then, using the sine rule in ABAD, we get:

(cottcosC +sinC)? =

sin(ZABD) csin(£59) B csin(£59)

sin(ZADB) ~ sin(180° — 4)  sin(2)

AD = AB

This implies that:
csin(é) sin2(§) sin?(4)

ADcos(C'+4)  cos(C+ 4)sin(559)  sin?(£59)

ol

since % =90° — (C'+ %) Thus, we are reduced to proving the equality:

) sin(%)
cottcosC +sinC = —p=5~.
sin(=5=)
Recall that cott = ﬁ?B,C) + tan < 5 ) To compute this, we need to find LD. Note that
COS 5

LD = DEtan(ZLED) = DEtanC = (AE — AD)tan C. Applying the sine rule in circle 2, we
get:

sin(ZABE)  ¢sin(90+ B —C) ccos(B—-C) .
AE = ABsm(AAC’B) = s = snC = ccot C cos B + csin B.

Therefore,

LD =tanC(AE — AD)
s
= ctanC’(cotC’cosB +sin B —

. tan C sin( 25+
=ccosB+ctanCsinB —¢

sm(g
Hence,
LD cos B 4 tan C'sin B — 22 c;isni?(;gc)
AD cos?(£59) Siziig) cos?(859)
B sin(g)(cosB + tan C'sin B) — tanCsin(BT*C)
B sin(£59) cos?(£59)
This implies that:
cott = L + tan (B — C)
AD cos?(£59) 2
B sin(%)(cosB + tan C'sin B) — tan C'sin(£5<) + sin?(£5<) cos(£59)
B sin(£59) cos?(£59) '
Next,
cos Cootf = sin(%)(cos BcosC +sinC'sin B) — sinCsin(B%C) + cosCsinQ(BQC) COS(B2C)
sin(£59) cos?(£59)
sin(4) cos(B — C) — sin C'sin(E5<) + cos C'sin?(£5€) cos(E59)
B sin(B%C)CObQ(BTC) '
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Finally,

sin C'sin(£59) cos?(£59) + sin(%) cos(B—-C) — sinCsin(B%C) + cosCsinQ(Bgc) cos(B%C)

sinC +cosCcott = 2 2
BEC)COSQ(BEC)

sin(
sin(4) cos(B — C) — sin C'sin®(Z5€) 4 cos C'sin?(£59) cos(Z5<)
sin(—Bgc) cosQ(—Bgc)
sin(4) cos(B — C) + sin?(E5<) cos(C + £5<)
B;C) B;C)

sin( cos?(
sin(%) cos(B — C) + sin?(£59) cos( L)
sin(%) COSQ(BEC)
sin(4) cos(B — C) + sin(4) sin?(£59)
sin(£5€) cos?(£59)
sin(4)(cos(B — O) + sin?(£59))
B;C) B;C)
2 2

sin( cos?(
sin(4)
sin(£59)’

completing the proof.
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4. IMO 2016 Problem 1

ABCF has a right angle at B. Let A be the point on line C'F such that FA = FB and F lies
between A and C. Point D is chosen such that DA = DC and AC is the bisector ZDAB. Point E
is chosen such that FA = ED and AD is the bisector of ZFAC. Let M be the midpoint of CF.
Let X be the point such that AMXE is a parallelogram (where AM || EX and AE || MX). Prove
that BD, FX and M E are concurrent.

Solution: Let /BFC = y. Also, let BF = ¢ and FC = b. Since AF = FB, we have
LFBA=/BAF = /FAD = /DAE = }.
We start by showing that the point D lies on the EX. To prove this, it suffices to show that:
AD DE

sin(ZAEX)  sin(£/DAE)’
Now, AD = JACsec(DAF) = ¢ sec(¥). Next, ZAEX = 180° — ZFAE = 180° — y. Finally,
DE = AE = 1 ADsec(£/DAE) = "¢ sec?(¥) = bhey = bt b. Then, we see that:

4 2/ 7 4cos?(%) 2(cosy+1)

AD bEe sec(Y) b+c DE DE

sin(ZAEX) sin(y) - 4sin(§) cos?(%) N sin(¥)  sin(£/DAE)’
proving that D lies on FX.
Next, we show that F' lies on BE. For this, it suffices to show that y = ZBFC = ZAFE. Since
we already know that /F AE = y, this is equivalent to showing that AE = E'F. For this, we use the
cosine rule in AFAE to observe that FE? = AE? + AF? — 2AE - AF cos(/FAE). So, it suffices
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to show that AF = 2AF cos(£LFAFE). Note that AF = ¢ whereas 2AF cos(LFAE) = bcosy = ¢,
completing the proof.

Next, we note that EX = AM = AF+FM = c+2. On the other hand, EB = EF+FB = +c,
showing that B = EX. Since we already know that EF = EA = ED, this also implies that
DX = FB. Hence, applying Ceva’s theorem to AEBX, the the lines EM, BD and FX will be
concurrent if any only if £M bisects the side BX, which is equivalent to EM bisecting /BEX,
since the triangle is isosceles. To that end, we observe that M B = g = AFE — M X. Hence,
AEMB = ANEM X, which proves that FM is the angle bisector, thus proving the claim.
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5. IMO 2014 Problem 4

Points P and @ lie on side BC of acute-angled triangle ABC so that Z/PAB = ZBCA and
/ZCAQ = LZABC. Points M and N lie on lines AP and AQ), respectively, such that P is the
midpoint of AM, and @ is the midpoint of AN. Prove that lines BM and C'N intersect on the

circumcircle of triangle ABC.

Solution: Note that LAQP = ZAPQ = ZCAB. Thus AQ = AP. We establish a coordinate
system such that A = (0,0), B = (1,0),C = (1,¢),Q = (1,¢) and P = (1, —q) with b,q > 0 and
¢ < 0. Since ZCAQ = LABC, we must have:

q—-c 1 14 bc
= bqg —bc—qgc=1 = .
14+qc b e — 4 b—c

The equation of the circumcircle ABC is given by:

22 +y? — (1 —=be)x — (b+c)y =0.

Next, we have that N = 2Q = (2,2¢) and M = 2P = (2, —2q). Then we have the equation of

BAL: b b+2
_z_l :__1‘1 — y+(b+29)z=2b+2q

Similarly, the equation of C'N is:

y+ (c—2q)x =2¢c—2q.
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The angle between these two lines is the arctan of:

(b+2q) —(c—2q) b—c+4q _ b—c+4q

1+ (b+29)(c—2q) 14+bc+2cq—2bg—4¢>2 —1—bc—4¢%
To show that A, B,O and C are concyclic, it suffices to show that this is equal to — tan(£ZBAC),
that is:

b—c+4q = b-c
—1—bc—4¢2  1+bc
< 4(1 +bc)g = 4¢*(b—c)
_ 1+bc
Cb—c’
which was already shown, thus completing the proof.
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6. IMO 2013 Problem 4

Let ABC be an acute-angled triangle with orthocentre H, and let W be a point on the side BC,
lying strictly between B and C. The points M and N are the feet of the altitudes from B and C,
respectively. Denote by wy the circumcircle of BW N, and let X be the point on w; such that WX
is a diameter of wy. Analogously, denote by ws the circumcircle of CW M, and let Y be the point
on wy such that WY is a diameter of wy. Prove that X, Y and H are collinear.

Solution: Let a = BC,b = CA and ¢ = AB. Let R be the circumradius of AABC. Construct
P, P, parallel to BC' through the point H. To prove the required claim, it suffices to show that
/XHP, = /ZYHP.

We have ZHMC = /WMY = 90°. Therefore, /TMW = ZCMY, which implies that
TW = CY. Consider the power of the point B with respect to the circle ws:

BT -BM = BW - BC.

BW - BC
BT =~~~
BM
aBW  BW

T asinC  sinC’
Next, note that ZTBW = 90° — C. Applying cosine law to ABWT"

TW? = BT? + BW? — 2BT - BW cos(TBW)
= BT? 4+ BW? — 2BT - BWsinC
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BW?2 BW
== 4+ BW?-2 -BWsinC
sin? C + sin C' st
= BW?2csc®>C — BW?
= BW?cot? C.

Thus, TW = BW cotC. This implies that CY = BW cotC. Similarly, we get that BX =
CW cot B.

As XB 1 BC, we must have XB | P, P, since P, P, || BC. Similarly, YC' L P, P,. Therefore,

XP
tan(LX HPy) = D,

_ BX -BP,

- HP,

_BX-HP

- BP

_ CWcot B—2Rcos BcosC

- 2R sin C cos B

cw
" 2Rsin BsinC cot €.
Similarly,
YP
LYHP)) =
tan( 1) le
BW
=0t B S i Bsn
Then, we see that:
BW +CW
tan(éXHPQ) - tan(ZYH_Pl) = m —cot B —cot C

B a _sin(B+C)
" 2Rsin BsinC  sin BsinC
_ sin A sin A
" sinBsinC  sin BsinC
p— O7

which shows that /X HP, = /Y H P, completing the proof.
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