
 Mathematicsoffhoelacing

Framework

Def A mathematical shoe of stretch h with 2n
eyelets

A B n 2

An o o Br
A

An o hI Bn

Def An n lacing is a closed path consisting
of 2n line segments s t

The endpoints of the segments are among
Ai's 3 i's

Exactly 2 segments should meet at each

eyelet
No 3 consecutive eyelets in the path lie
in the same column

Exantus



i i

criss cross lacing zig zag lacing

i
star lacing bowtie lacing

Dif
A vertical is a segment both of whose
endpoints are in the same column
A lacing is called simple if the 2 paths from
A to An involve vertices with non decreasing

indices



A dense lacing is one without verticals

Comlingings
Toyexample One column lacings

g

Total number of lacings L n 1

Shortest lacings Lacings of length 2 n D
Number of such lacings 2n 3

Longest lacings

it

All eyelets in the tophalf are joined to eyelets



in the bottom half
Length of longest lacing I
Number of such lacings I 7 I 1

For odd n length n

Number of lacings I

Countitacings

Number of dense lacings Give an

g
example

Every traversal looks like A BA BA B
No of choices In n 1

Number of general n lacings

Lema Number of verticals in column A equals
number of verticals in column B

Easy to prove



Let S kin denote the no of lacings with
u verticals
fix a traversal of an n lacing
Then it consists of blocks of A's and B's such
that
There are n k A block and a k B block

For A Crisp B there are k AA block
and a k A blocks

No of traversals that start with the block A
1 nil

a ie AA

ni ll
No of indices of the first one n Cn D

second one 2 u n D

tuna net number

fu g fi fi Itn In 1

I

Y



L In

Straight n lacings contain all possible
horizontal segments

Superstraight n lacings Only contain horizontal
and vertical segments

Example

I

lengthsoflacings

Theorem

Bowtie lacings are theshortest in greed
Crisscross lacings are the shortest dense lacings
All superstraight lacings are the shortest

straight lacings for n um



Zigsag lacings are the shortest straight
lacings for n odd

o o

id

form

it
For long shoes it is conjectured that

a

YE



I ha s t for h h n devil lacings are the
longest For h h

n angel devil but

may not be the longest

ME
i

suppose the tension in the string is t

Horizontal component Ii
We define the strength of an n lacing l as

Th e E Id
de diagonals of l



Theorem There exists h o s t

for h Ch n Criss cross lacing is thestrongest
For h ha zig zag lacing is the strongest

Rimet Outside their optimality zone these

crossings aren't even second best in grind

1
3 4 5 6 7

0 90 0.74 0 65 0 58 0 53

Proofit

let V be the collection of the vertical lengths
of the diagonals in an n lacing

We want to maximise
sf tg

Rules

If U contains less than n elements add u m

O's and u I t's

If V contain n f m 2 2n elements add 2n m i

t's and I n t

If Vcontains elements whose sum exceeds 2 n D



replace one r by v 1 and we improve the sun

Given v v E V s t v v Z 2 if I w w

s t O E W W E n I
e r tu wt w

Tat Fa Fatty
replace v v by w w

Lemme The set V determine the criss cross and

zig zag lacings uniquely

Lemme For sets V other than the 2 above it is

always possible to perform one of the rules

ha satisfies u 2 t

fay off 0


